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ABSTRACT. We prove that if a positive closed current is bounded by another one with
bounded, continuous or Ho¨lder continuous super-potentials, then it inherits the same
property. There are two different methods to define wedge-products of positive closed
currents of arbitrary bi-degree on compact Ka¨hler manifolds using super-potentials and
densities. When the first method applies, we show that the second method also applies
and gives the same result. As an application, we obtain a sharp upper bound for the
number of isolated periodic points of holomorphic maps on compact Ka¨hler manifolds
whose actions on cohomology are simple. A similar result still holds for a large class of
holomorphic correspondences.
Classification AMS 2010: 32U40, 32H50, 37F05.
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1. INTRODUCTION
Positive closed currents are a fundamental tool in complex analysis, algebraic geom-
etry, differential geometry and complex dynamics. Bi-degree (1, 1)-currents and their
intersections were intensively studied and have had many applications while arbitrary
bi-degree currents are much less understood, see Bedford-Taylor [1], Demailly [5, 6]
and Fornaess-Sibony [20]. In [4, p.16], Demailly posed the problem to develop a theory
of intersection for positive closed currents of higher bi-degree. Sibony and the first author
have recently introduced, in a series of articles [14, 15, 16], two different approaches to
this problem in the context of compact Ka¨hler manifolds. Several applications in complex
dynamics and foliation theory have been obtained as well.
Let X be a compact Ka¨hler manifold of dimension k. Let T and S be positive closed
currents of bi-degree respective (p, p) and (q, q) on X. We will briefly recall the notions
of super-potentials and densities of positive closed currents. We then describe the two
different approaches to define the wedge-product (intersection) of T and S. Our first aim
is to prove that when both methods apply we obtain the same current. This will allow
us to unify the advantages of both methods. We also consider a domination principle for
super-potentials and apply our study to bound the number of isolated periodic points of
holomorphic maps or correspondences.
The notion of super-potentials of positive closed currents were introduced in [14, 15].
We refer to these references for details. The starting point is that the pluripotential theory
is well developed for positive closed currents of bi-degree (1, 1) thanks to the notion of
Date: September 28, 2017.
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plurisubharmonic (p.s.h. for short) functions. More precisely, if T is a positive closed
(1, 1)-current, then we can write locally T = ddcu in the sense of currents, where u is
a p.s.h. function, dc := i
2π
(∂ − ∂) and ddc = i
π
∂∂. Since the function u is everywhere
defined, if u is integrable with respect to the trace measure of S (we will say “with
respect to S” for short), then one can define uS in the sense of currents and define
T ∧ S := ddc(uS). It is not difficult to check that the definition is independent of the
choice of u because u is unique up to a pluriharmonic function. When T is of higher
bi-degree, we still can write locally T = ddcU but the potential U does not satisfy the
above properties of p.s.h. functions and one cannot consider their wedge-product in the
same way.
Super-potentials are functions which play the role of quasi-potentials for positive closed
currents of arbitrary bi-degree. For simplicity, we will not introduce this notion in full
generality but limit ourselves in the necessary setting. Let Dq(X) (orDq for short) denote
the real vector space spanned by positive closed (q, q)-currents on X. Define the ∗-norm
on this space by ‖R‖∗ := min(‖R
+‖+ ‖R−‖), where R± are positive closed (q, q)-currents
satisfying R = R+ − R− and ‖ ‖ denotes the mass of a current. We consider this space
of currents with the following topology : a sequence (Rn)n≥0 in Dq(X) converges in this
space to R if Rn → R weakly and if ‖Rn‖∗ is bounded independently of n. On any
∗-bounded set of Dq(X), this topology coincides with the classical weak topology for cur-
rents. It was shown in [12] that the subspace D˜q(X) of real closed smooth (q, q)-forms is
dense in Dq(X) for the considered topology, see Theorem 2.1 below.
Let D0q(X) and D˜
0
q(X) denote the linear subspaces in Dq(X) and D˜q(X) respectively of
currents whose cohomology classes in Hq,q(X,R) vanish. Their co-dimensions are equal
to the dimension of Hq,q(X,R) which is finite. Fix a real smooth and closed (p, p)-form
α in the same cohomology class with T in Hp,p(X,R). We will consider in this paper the
super-potential of T which is the real function UT on D˜
0
k−p+1 defined by
UT (R) := 〈T − α, UR〉 for R ∈ D˜
0
k−p+1,
where UR is any smooth form of bi-degree (k − p, k − p) such that dd
cUR = R. This
form always exists because the cohomology class of R vanishes. Note that since the
cohomology class of T − α vanishes, we can write T − α = ddcUT for some current UT .
By Stokes theorem, we have
UT (R) = 〈dd
cUT , UR〉 = 〈UT , dd
cUR〉 = 〈UT , R〉.
We deduce from this identities that UT (R) doesn’t depend on the choice of UR and UT .
However, UT depends on the reference form α. Note also that if T is smooth, it is not
necessary to take R and UR smooth.
We will not consider other super-potentials of T . They are some affine extensions of UT
to Dk−p+1 or its extensions to some subspaces. The following notions do not depend on
the choice of super-potential nor on the reference form α. We say that T has a bounded
super-potential if UT is bounded on each ∗-bounded subset of D˜
0
k−p+1. We say that T has
a continuous super-potential if UT can be extended to a continuous function on D
0
k−p+1.
Recall that Dp(X) is a metric space. If γ > 0 is a constant, define for R ∈ Dq(X)
‖R‖−γ := sup
{
|〈R, φ〉|, φ is a test form of bi-degree (k − q, k − q) with ‖φ‖Cγ ≤ 1
}
.
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The topology induced by this distance coincides with the above-considered topology on
each ∗-bounded set. By interpolation theory, in each ∗-bounded set, for all γ ≥ γ′ >
0, there is a constant c > 0 such that ‖ ‖−γ ≤ ‖ ‖−γ′ ≤ c(‖ ‖−γ)
γ′/γ . We say that
T has a Ho¨lder continuous super-potential if UT is continuous and Ho¨lder continuous
with respect to one of (or equivalently to all) norms ‖ ‖−γ described above, on each ∗-
bounded subset of D0k−p+1. Here is the domination principle for super-potentials that we
mentioned above.
Theorem 1.1. Let T and T ′ be positive closed (p, p)-currents on a compact Ka¨hler manifold
X. Assume that T ′ ≤ T . If T has a bounded, continuous or Ho¨lder continuous super-
potential, then T ′ satisfies the same property.
Consider now two positive closed currents T and S on X of bi-degree (p, p) and (q, q)
respectively. Assume that p + q ≤ k and that T has a continuous super-potential. So UT
is defined on whole D0k−p+1. We can define the wedge-product T ∧ S by
〈T ∧ S, φ〉 := 〈α ∧ S, φ〉+ UT (S ∧ dd
cφ)
for every smooth real test form φ of bi-degree (k − p − q, k − p − q). Note that S ∧ ddcφ
belongs to D0k−p+1 because it is equal to dd
c(S∧φ). It is not difficult to check that T ∧S is
equal to the usual wedge-product of T and S when one of them is smooth. The current
T ∧ S is positive and closed, see [14, 15, 26].
We discuss now the second definition of the wedge-product using the recent theory of
densities for currents, see [16] and Section 3 for details. The rough idea is that if we
identify the diagonal ∆ of X ×X with X in the canonical way, then the wedge-product
between T and S will be the intersection between the current T ⊗ S with the current of
integration [∆] on ∆. Let E denote the normal bundle to ∆ in X ×X and let π : E→ ∆
be the canonical projection. We dilate roughly the current T ⊗ S near ∆ using dilations
in the normal directions to ∆. This operation doesn’t change the considered intersection
with [∆]. When the dilation factor tends to infinity, the image of T⊗S admits limit values
which are positive closed current of bi-degree (p+q, p+q) in E. These currents are called
the tangent currents of T ⊗ S along ∆.
Assume there is only one tangent current and denote it by R. We say that the h-
dimension of R is less than s if for any smooth (s, s)-form φ on ∆ we have R∧ π∗(φ) = 0.
It is known that if the h-dimension of R is less than k − p− q + 1 then there is a unique
positive closed current R of bi-degree (p + q, p + q) on ∆ such that R = π∗(R). We then
define T uprise S := R and say that T uprise S is well-defined. The rough idea here is that R is the
intersection of R with [∆]. The reader can consider the case where T and S are currents
of integration on two submanifolds of X. Then the above condition on the h-dimension
is equivalent to saying that the intersection of the two submanifolds is either empty or
of minimal dimension k − p − q. This condition of the non-excess of dimension (which
is a generic situation) is necessary to define the wedge-product as a current. Here is our
second main theorem. It gives a new proof to the result by the third author saying that
T ∧ S is positive [26].
Theorem 1.2. Let X be a compact Ka¨hler manifold of dimension k. Let T and S be positive
closed currents on X of bi-degree (p, p) and (q, q) respectively. Assume that p + q ≤ k and
that T has a continuous super-potential. Then the wedge-product T uprise S is well-defined and
we have T ∧ S = T uprise S.
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Our last result is an application of the above two theorems in complex dynamics which
is originally the motivation of this work. A basic problem in dynamics is to study the
distribution of periodic points when the period tends to infinity. We refer to [18] for
a recent survey on this topic. We will give here a sharp upper bound for the number
of isolated periodic points of a holomorphic map on a compact Ka¨hler manifold. Note
that when the set of periodic points is of zero dimension then this result is an easy
consequence of the classical Lefschetz’s fixed point theorem. The existence of positive
dimension sets of periodic points is the main difficulty in our problem, see Oguiso [23]
for some recent examples.
Let f : X → X be a holomorphic map which is dominant, i.e. surjective in the present
setting. Recall that the dynamical degree ds of order s of f is the spectral radius of the
pull-back operator f ∗ acting on the Hodge cohomology group Hs,s(X,C) for 0 ≤ s ≤ k.
It is known that ds itself is an eigenvalue of f
∗ on Hs,s(X,C). An inequality due to
Khovanskii, Teissier and Gromov [9, 21] implies that the function s 7→ log ds is concave
on 0 ≤ s ≤ k. In particular, there are integers p and p′ with 0 ≤ p ≤ p′ ≤ k such that
d0 < · · · < dp = · · · = dp′ > · · · > dk.
We always have d0 = 1. The last dynamical degree dk is also called the topological degree
of f because it is equal to the cardinality of f−1(x) for a generic point x in X. We call dp
the main dynamical degree of f .
In what follows, we assume that the action of f ∗ on cohomology is simple, that is,
p = p′ and dp is a simple eigenvalue and is the only eigenvalue of maximal modulus of f
∗
on Hp,p(X,C). In this case, it is known that dp is also a simple eigenvalue and is the only
eigenvalue of maximal modulus of f ∗ on the full Hodge cohomology group ⊕H∗,∗(X,C),
see [8, Prop. 5.8] which holds for all holomorphic maps. Our last main result is the
following theorem, see also our works with Truong [10, 11], Diller-Favre [7], Favre [19],
Iwasaki-Uehara [22], Saito [24], Xie [27] for similar and related statements in dimension
2 or for maps with dominant topological degree, i.e. the case where p = p′ = k.
Theorem 1.3. Let f be a dominant holomorphic endomorphism of a compact Ka¨hler mani-
fold X. Assume that the action of the pull-back operator f ∗ on cohomology is simple. Let d
be the main dynamical degree of f and let Pn denote the number of isolated periodic points
of period n of f counted with multiplicity. Then we have
Pn ≤ d
n + o(dn) as n→∞.
The plan of the paper is as follows. In Section 2, basic facts on positive closed currents,
super-potentials and the proof of Theorem 1.1 will be given. Let Π : X̂ ×X → X × X
be the blow-up of X ×X along the diagonal ∆ and let ∆̂ := Π−1(∆) be the exceptional
hypersurface. The manifold X̂ ×X has been used by Sibony and the first author to
construct a good potential for currents, e.g. a solution UR for the above equation dd
cUR =
R, see e.g. [14]. We can study the super-potentials using some integrals on X̂ ×X.
Some mass estimates of currents near ∆̂ allow us to characterize currents with bounded,
continuous or Ho¨lder continuous super-potentials. We then deduce the desired regularity
of UT ′ from the regularity of UT as stated in Theorem 1.1.
In Section 3, we will give basic facts from the theory of densities for currents and the
proof of Theorem 1.2. A key point is that the theory of densities allows us to see T uprise S
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using local holomorphic coordinates and smooth test forms. We use again X × X and
X̂ ×X in order to compare T uprise S with T ∧ S and get the desired result.
Finally, the proof of Theorem 1.3 is given in Section 4 in a more general setting of
correspondences on X. Let Γn denote the graph of f
n in X ×X and [Γn] the current of
integration on Γn. Periodic points of period n can be identified to the intersection be-
tween Γn and ∆. Using the above two main theorems, we show that the current d
−n[Γn]
converges to a positive closed current whose intersection with ∆ has no ”dimension ex-
cess”. In some sense, although the intersection of Γn with∆may have positive dimension
(this is the case when the set of periodic points has positive dimension), this dimension
excess is negligible when n tends to infinity. We are then in a situation similar to the one
in our previous works with Truong [10, 11] and Theorem 1.3 follows easily.
Main notation. Throughout the paper, X is a compact Ka¨hler manifold of dimension
k. We also fix a Ka¨hler form ω on X. For simplicity, in each Ka¨hler manifold endowed
with a Ka¨hler form, we use the Riemannian metric induced by the Ka¨hler form. Let
Π : X̂ ×X → X×X be the blow-up ofX×X along the diagonal∆ and let ∆̂ := Π−1(∆)
be the exceptional hypersurface. Denote by πj the projections from X × X onto its
factors for j = 1, 2 and define Πj := πj ◦ Π. The pairing 〈·, ·〉 denotes the value of
a current at a test form. If T is a positive or negative (p, p)-current on X, its mass is
given by ‖T‖ := 〈T, ωk−p〉 or ‖T‖ := −〈T, ωk−p〉 respectively. The spaces Dp,D
0
p, D˜p, D˜
0
p,
their topology, the norms ‖ ‖−γ, ‖ ‖∗, the super-potential UT and the wedge-products of
currents are defined above. We also use { } to denote the cohomology class of a current
or an analytic set.
Acknowledgments. The first author was supported by Start-Up Grant R-146-000-204-
133 and Tier 1 Grant R-146-000-248-114 from the National University of Singapore
(NUS). The paper was partially prepared during the visits of the authors at the Freie
Universita¨t Berlin, the Vietnam Institute for Advanced Study in Mathematics and at the
NUS. They would like to express the gratitude to these institutions, the Alexander von
Humboldt foundation and He´le`ne Esnault for their hospitality and support.
2. DOMINATION PRINCIPLE FOR SUPER-POTENTIALS
In this section, we will give some properties of positive closed currents, their super-
potentials and then the proof of Theorem 1.1. The following regularization theorem for
currents was obtained in [12]. The last assertion in the statement is a consequence of
the construction of R±n in the above reference.
Theorem 2.1. Let (X,ω) be a compact Ka¨hler manifold of dimension k. Let R be a current
in Dq(X). Then there are positive closed (q, q)-currents R
± and smooth positive closed (q, q)-
forms R±n in Dq(X) such that R = R
+ − R−, R±n are in the same cohomology class with
R± in Hq,q(X,R) and R±n converge weakly to R
± as n tends to infinity. Moreover, there is a
constant c > 0 independent of R such that ‖R±‖ ≤ c‖R‖∗ and ‖R
±
n ‖ ≤ c‖R‖∗ for every n.
In particular, Rn := R
+
n −R
−
n converges to R in the considered topology on Dq(X). If R is a
continuous form, then Rn converges uniformly to R.
Recall that we only use the super-potentials introduced in the introduction. We have
the following basic lemma.
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Lemma 2.2. Let τ : X˜ → X be a submersion between compact Ka¨hler manifolds. Let T be
a positive closed (p, p)-current on X. If T has a bounded, continuous or Ho¨lder continuous
super-potential, then the positive closed (p, p)-current τ ∗(T ) on X˜ satisfies the same property.
Proof. Let l denote the dimension of X˜. Let α be as in the introduction. Define U := UT ,
T˜ := τ ∗(T ) and α˜ := τ ∗(α). So T˜ is in the same cohomology class with α˜. We denote by
U˜ the super-potential of T˜ defined as in the introduction using the reference form α˜.
Recall that τ induces the push-forward operator τ∗ on currents : if R˜ is a current on
X˜ and if φ is a smooth test form of the right degree on X then 〈τ∗(R˜), φ〉 = 〈R˜, τ
∗(φ)〉.
This operator is continuous and is compatible with the operators ∂ and ∂. So it is not
difficult to see that τ∗ defines a continuous map from D
0
l−p+1(X˜) to D
0
k−p+1(X) and sends
∗-bounded sets to ∗-bounded sets. Moreover, given any positive real number γ, the
number ‖τ ∗(φ)‖C γ is bounded by a constant times ‖φ‖C γ . It follows that ‖τ∗(R˜)‖−γ is
bounded by a constant times ‖R˜‖−γ, or in other words, the map τ∗ : D
0
l−p+1(X˜) →
D0k−p+1(X) is Lipschitz with respect to the norms ‖ ‖−γ .
Consider any smooth form R˜ in D˜0l−p+1(X˜) and choose a smooth form U˜ such that
ddcU˜ = R˜. Define R := τ∗(R˜) and U := τ∗(U˜). We have dd
cU = R and R,U are smooth
since τ is a submersion. In particular, R belongs to D˜0k−p+1(X), or in other words, τ∗
maps D˜0l−p+1(X˜) to D˜
0
k−p+1(X). We also have
U˜(R˜) = 〈T˜ − α˜, U˜〉 = 〈τ ∗(T − α), U˜〉 = 〈T − α, U〉 = U(R)
which implies the identity U˜ = U ◦ τ∗ on D˜
0
l−p+1(X˜).
We have seen that τ∗ is bounded, continuous and Lipschitz. Therefore, if U is bounded,
continuous or Ho¨lder continuous, U˜ satisfies the same property. This completes the proof
of the lemma. 
Recall that the projections Πj : X̂ ×X → X are submersions, see e.g. [12]. We
will apply the above lemma to these maps. We have seen in the introduction that the
definition of super-potential involves the solutions of the equation ddcUR = R. We will
recall here the construction of kernel solving this solution and refer to [15] for details.
By Blanchard’s theorem [2], X̂ ×X is a Ka¨hler manifold. So we fix a Ka¨hler form Ω̂
on X̂ ×X and we can apply Hodge theory to this manifold. By Ku¨nneth’s formula, the
cohomology class {∆} of [∆] in Hk,k(X × X,R) can be represented by a real smooth
closed (k, k)-form α∆ which is a finite sum of forms of type π
∗
1(φ1) ∧ π
∗
2(φ2) where φ1
and φ2 are closed smooth forms of suitable bi-degrees on X. By [3, 1.2.1] and [15, Ex.
2.3.1], there is a real smooth closed (k − 1, k − 1)-form ηˆ on X̂ ×X such that ηˆ ∧ [∆̂] is
cohomologous to Π∗(α∆) and
Π∗(ηˆ ∧ [∆̂]) = [∆].(2.1)
Choose a real smooth closed (1, 1)-form βˆ on X̂ ×X which is cohomologous to [∆̂]. So
we can write [∆̂]− βˆ = ddcuˆ, where uˆ is a quasi-p.s.h. function on X̂ ×X. This equation
implies that uˆ is smooth outside ∆̂ and uˆ − log dist(·, ∆̂) is a smooth function near ∆̂.
Subtracting from uˆ a constant allows us to assume that uˆ is negative. Observe that since
βˆ ∧ ηˆ is cohomologous to Π∗(α∆), there is a real smooth (k − 1, k − 1)-form βˆ
′ on X̂ ×X
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such that
ddcβˆ ′ = βˆ ∧ ηˆ − Π∗(α∆).(2.2)
Adding to βˆ ′ a constant times Ω̂k−1 allows us to assume that βˆ ′ is positive. For ǫ > 0,
denote by ∆̂ǫ the set of points in X̂ ×X with distance less than ǫ to ∆̂.
Proposition 2.3. Let R be a current in Dq(X) such that ‖R‖∗ ≤ 1. Then there is a constant
c > 0 independent of R such that the following properties hold for 0 < ǫ < 1/2.
(1) uˆΠ∗2(R) is a current depending continuously on R whose mass is bounded by c;
(2) The mass of uˆΠ∗2(R) on ∆̂ǫ is smaller than cǫ
2| log ǫ|;
(3) If R is in D0q(X) and UR := (Π1)∗
(
(uˆηˆ + βˆ ′) ∧ Π∗2(R)
)
, then ddcUR = R.
Sketch of the proof. This statement was essentially obtained in [15]. For the reader’s
convenience, we sketch here the proof. For the assertions (1) and (2), we can assume
that R is positive and we don’t need to assume that it is closed. So it is enough to
consider the case where R is supported by a point a ∈ X because all positive currents
can be obtained as an average of such currents. The statement is now clear because Π2
is a submersion and its fibers are transverse to the hypersurface ∆̂. We used here the
property of uˆ described above and the fact that Π∗2(a) can be identified to the blow-up of
X at a which varies continuously when a varies.
Consider now the assertion (3). Combining the continuity obtained in the first asser-
tion with Theorem 2.1, it is enough to consider the case where R is smooth. A direct
computation using (2.2) and the definition of uˆ gives
ddcUR = (Π1)∗
(
[∆̂] ∧ ηˆ ∧ Π∗2(R)
)
− (Π1)∗
(
Π∗(α∆) ∧Π
∗
2(R)
)
.
Since the restriction of Π∗2(R) to ∆̂ is equal to the one of Π
∗
1(R), using (2.1) and the
identity Π1 = π1 ◦Π, we see that the first term in the RHS of the last equation is equal to
(Π1)∗([∆̂ ∧ ηˆ]) ∧ R = (π1)∗[∆] ∧ R = R.
It remains to check that the second term vanishes. Using Πj = πj ◦ Π, we see that this
term satisfies
(Π1)∗
(
Π∗(α∆) ∧ Π
∗
2(R)
)
= (π1)∗Π∗
(
Π∗(α∆ ∧ π
∗
2(R))
)
= (π1)∗(α∆ ∧ π
∗
2(R)).
Now, if Φ is a smooth test form of the right bi-degree and if (x, y) denotes the coordinates
of points in X ×X, we have〈
(π1)∗(α∆ ∧ π
∗
2(R)),Φ
〉
=
∫
X×X
Φ(x) ∧ α∆(x, y) ∧ R(y).
Since the cohomology class of R vanishes, it is an exact form. Recall from the choice of
α∆ that it has a nice property of variable separation. Therefore, using Stokes and Fubini’s
theorems, we see that the last integral vanishes when we first integrate in variable y. This
completes the proof of the proposition. 
The following lemma allows us to compute the values of super-potentials.
Lemma 2.4. Let T, α and UT be as above. Then for every R in D˜
0
k−p+1(X), we have
UT (R) =
∫
X̂×X
(uˆηˆ + βˆ ′) ∧ Π∗1(T − α) ∧Π
∗
2(R).
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Proof. Note that by Proposition 2.3 applied to T − α,Π1 instead of R,Π2, the integral in
the lemma is meaningful. Let UR be as in Proposition 2.3. Observe that it is smooth since
R is smooth. By definition of super-potential in the introduction, we deduce from the
definition of UR that
UT (R) = 〈T − α, UR〉 =
〈
Π∗1(T − α), (uˆηˆ + βˆ
′) ∧Π∗2(R)
〉
.
The lemma follows. 
The following proposition gives us a characterization of currents with bounded super-
potentials.
Proposition 2.5. Let T be a positive closed (p, p)-current on X. Then T has a bounded
super-potential if and only if there is a constant c > 0 such that for every smooth positive
closed (k − p+ 1, k − p+ 1)-form R on X with ‖R‖ ≤ 1 we have
−
∫
X̂×X
uˆ Ω̂k−1 ∧Π∗1(T ) ∧Π
∗
2(R) ≤ c.
Proof. We first assume the last inequality and prove that T has a bounded super-potential.
Let R′ be an arbitrary current in D˜0k−p+1(X) with ‖R
′‖∗ ≤ 1. We need to show that
|UT (R
′)| is bounded by a constant. By Lemma 2.4, we have
UT (R
′) =
∫
X̂×X
(uˆηˆ + βˆ ′) ∧ Π∗1(T − α) ∧Π
∗
2(R
′).
Observe that the ∗-norm ofΠ∗2(R
′) is bounded by a constant. By Proposition 2.3 applied
to R′ instead of R, the mass of uˆΠ∗2(R
′) is bounded by a constant. We deduce that |UT (R
′)|
is bounded by a constant if and only if∣∣∣ ∫
X̂×X
uˆηˆ ∧ Π∗1(T ) ∧ Π
∗
2(R
′)
∣∣∣
is bounded by a constant. By the last assertion in Theorem 2.1, it is enough to prove a
similar property with a positive smooth closed form instead of R′. So we can replace R′
by the form R as in the proposition. Now it is clear that the inequality in the proposition
implies the result because uˆ is negative, T and R are positive, and we can bound ηˆ from
above and below by constants times Ω̂k−1. Thus, T has a bounded super-potential.
Assume now that T has a bounded super-potential. We show that the inequality in
the proposition holds for some constant c. Since ‖R‖ ≤ 1, the cohomology class of R is
bounded and we can choose a real smooth closed form αR in the cohomology class of R
whose C 0-norm is bounded by a constant. Arguing as above, we only need to check that
−
∫
X̂×X
uˆ Ω̂k−1 ∧Π∗1(T − α) ∧ Π
∗
2(R− αR)
is bounded from above by a constant.
Consider a smooth convex increasing function χ : R → R vanishing on (−∞,−1] and
equal to identity on [1,+∞). Define uˆn := χ(uˆ + n) − n. This function is smooth, equal
to uˆ on the set {uˆ ≥ −n + 1} and decreases to uˆ when n tends to infinity. Moreover,
‖ddcuˆn‖∗ is bounded by a constant independent of n, see [12, p.962]. Therefore, in the
last integral, we can replace uˆ by uˆn. We only need here that the constants involving in
our estimates do not depend on n nor on R.
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Since the mass of a positive closed current depends only on its cohomology class, we
easily deduce that the ∗-norm of
R˜′ := ddc
(
uˆnΩ̂
k−1 ∧Π∗2(R− αR)
)
is bounded by a constant independent of n and R. Observe also that the integral we
consider is the value of the super-potential of Π∗1(T ) at R˜
′. This value is bounded by a
constant because by Lemma 2.2, the current Π∗1(T ) has a bounded super-potential. This
completes the proof of the proposition. 
Proof of Theorem 1.1 for bounded super-potentials. Assume that T has a bounded
super-potential. So T satisfies the estimate in Proposition 2.5. Since uˆ is negative, Ω̂, T, R
are positive and T ′ ≤ T , the same property holds for T ′ instead of T with the same
constant c. Applying again Proposition 2.5 to T ′ instead of T , we get that T ′ has a
bounded super-potential. 
Remark 2.6. Let T, α and UT be as above and assume that T has a bounded super-
potential. Let α′ be a real smooth closed (p, p)-form. Then there is a constant c > 0
such that for every positive closed (p, p)-current T ′, cohomologous to α′, with T ′ ≤ T , we
have |UT ′(R)| ≤ c‖R‖∗ for R ∈ D˜k−p+1(X). Here, UT ′ denotes the super-potential of T
′
associated with the reference form α′.
We give now a criterion to check if a current has a continuous super-potential. Let T
be a positive closed (p, p)-current as above. Recall that for ǫ > 0, ∆̂ǫ denotes the set of
points in X̂ ×X with distance less than ǫ to ∆̂. Consider the following quantity
ϑT (ǫ) := sup
R
∫
∆̂ǫ
−uˆΩ̂k−1 ∧ Π∗1(T ) ∧ Π
∗
2(R),
where the supremum is taken over all smooth positive closed forms R on X, of bi-degree
(k − p+ 1, k − p+ 1), such that ‖R‖ ≤ 1.
Proposition 2.7. Let T be a positive closed (p, p)-current on X. Then T has a continuous
super-potential if and only if ϑT (ǫ) tends to 0 as ǫ tends to 0.
Proof. Assume that T has a continuous super-potential. We prove that ϑT (ǫ) tends to 0
as ǫ tends to 0. Fix an integer n0 large enough so that |uˆ − log dist(·, ∆̂)| ≤ n0. Define
ǫn := e
−2n−3n0 and ϑn := ϑT (ǫn). Since the function ǫ 7→ ϑT (ǫ) is increasing, it is enough
to show that ϑn tends to 0 as n goes to infinity. Let uˆn be as in the proof of Proposition
2.5. Observe that on the set ∆̂ǫn we have
uˆn − uˆ = −n− uˆ ≥ −n− log dist(·, ∆̂)− n0 ≥
1
2
(− log dist(·, ∆̂) + n0) ≥ −
1
2
uˆ.
Therefore, by the definition of ϑT (ǫ), it is enough to show that∫
X̂×X
(uˆn − uˆ)Ω̂
k−1 ∧ Π∗1(T ) ∧ Π
∗
2(R)
converges to 0 uniformly in R.
We will replace uˆ in the last integral by uˆn+m. It is enough to check that the obtained
integral tends to 0 uniformly in R and m,n. By Proposition 2.3, applied to T,Π1 instead
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of R,Π2, this property is true if we replace T by any smooth form. Therefore, we only
have to check that ∫
X̂×X
(uˆn − uˆn+m)Ω̂
k−1 ∧ Π∗1(T − α) ∧Π
∗
2(R)
converges to 0 uniformly inR andm,n. Denote by U˜ the super-potential of Π∗1(T ) defined
as in the introduction using the reference form Π∗1(α). The last expression is just the value
of U˜ at the current
R˜n,m := dd
c(uˆn − uˆn+m) ∧ Ω̂
k−1 ∧Π∗2(R) = dd
c
[
(uˆn − uˆn+m)Ω̂
k−1 ∧ Π∗2(R)
]
.
As in the proof of Proposition 2.5, this current has a ∗-norm bounded by a constant.
Therefore, by Proposition 2.3, it converges (weakly) to 0 in D2k−p+1(X̂ ×X) as n goes to
infinity, uniformly in R and m. Thus, U˜(R˜n,m) tends to U˜(0) = 0 because by Lemma 2.2,
U˜ is continuous. This completes the first part of the proof.
Assume now that ϑT (ǫ) tends to 0 as ǫ tends to 0. We need to show that T has a con-
tinuous super-potential. We first prove that it has a bounded super-potential. Consider a
positive closed form R of bi-degree (k−p+1, k−p+1) such that ‖R‖ ≤ 1. By Proposition
2.5, it is enough to show that∫
X̂×X
−uˆΩ̂k−1 ∧ Π∗1(T ) ∧ Π
∗
2(R)
is bounded by a constant independent of R.
Recall again that the mass of a positive closed current depends only on its cohomology
class. Therefore, the mass of Π∗1(T ) ∧ Π
∗
2(R) is bounded by a constant independent of R.
Fix an ǫ0 > 0 such that ϑT (ǫ0) is finite. The considered integral is equal to
−
[ ∫
X̂×X\∆̂ǫ0
+
∫
∆̂ǫ0
]
uˆΩ̂k−1 ∧Π∗1(T ) ∧ Π
∗
2(R).
The first integral is bounded because uˆ is bounded on X̂ ×X \ ∆̂ǫ0 . The second one is
bounded by ϑT (ǫ0). Thus, T has a bounded super-potential.
We deduce from the boundedness of super-potential that if Rl ∈ D˜
0
k−p+1(X) is a ∗-
bounded sequence, we can extract a subsequence Rlj such that UT (Rlj ) admits a limit
when j tends to infinity. In order to show that UT is continuous, it is enough to show that
the limit is independent of the choice of the subsequence. By linearity, we only have to
show that if Rl ∈ D˜
0
k−p+1(X) converges weakly to 0 and ‖Rl‖∗ ≤ 1 then UT (Rl) tends to
0 as l tends to infinity.
Fix an arbitrary positive number δ and then choose a number 0 < ǫ0 < δ small enough
such that ϑT (4ǫ0) ≤ δ. Let 0 ≤ ρ ≤ 1 be a smooth function with compact support in ∆̂2ǫ0
which is equal to 1 on ∆̂ǫ0 . By Lemma 2.4, we have
UT (Rl) =
∫
X̂×X
ρ(uˆηˆ+ βˆ ′)∧Π∗1(T−α)∧Π
∗
2(Rl)+
∫
X̂×X
(1−ρ)(uˆηˆ+ βˆ ′)∧Π∗1(T−α)∧Π
∗
2(Rl).
For the first term in the last sum, we use the definition of ϑT (2ǫ0) in order to bound the
part involving T and the second assertion of Proposition 2.3 to bound the part involving
α. We see that this term is smaller than δ times a constant independent of l. Since δ is
arbitrary, it suffices to check that the second term tends to 0 as l tends to infinity.
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Since (1 − ρ)(uˆηˆ + βˆ ′) is smooth and vanishes near ∆̂, it is equal to Π∗(Φ) for some
smooth form Φ on X ×X which vanishes near ∆. It follows that the considered term is
equal to
〈
(T − α)⊗ Rl,Φ
〉
. Recall that the tensor product of two currents depends con-
tinuously on these currents. Since Rl converges weakly to 0, the last pairing converges
to 0. This completes the proof of the proposition. 
Proof of Theorem 1.1 for continuous super-potentials. Assume that T has a continu-
ous super-potential. By Proposition 2.7, ϑT (ǫ) tends to 0 as ǫ tends to 0. It is clear that
ϑT ′(ǫ) ≤ ϑT (ǫ). So we also have that ϑT ′(ǫ) tends to 0. By applying again Proposition 2.7,
we obtain that T ′ has a continuous super-potential. 
The following result gives us a characterization of currents with Ho¨lder continuous
super-potentials.
Proposition 2.8. Let T be a positive closed (p, p)-current on X. Then T has a Ho¨lder
continuous super-potential if and only if ϑT (ǫ) = O(ǫ
ν) as ǫ→ 0 for some constant ν > 0.
Proof. Assume that T has a Ho¨lder continuous super-potential. We show that ϑT (ǫ) =
O(ǫν) as ǫ → 0 for some constant ν > 0. As in the proof of Proposition 2.7, it is enough
to show that |U(R˜n,m)| ≤ ce
−νn for some positive constants c and ν independent of R
and m. By Lemma 2.2, Π∗1(T ) has a Ho¨lder continuous super-potential. So it is enough
to check that ‖R˜n,m‖−2 is bounded by a constant times e
−νn for some positive constant ν.
For this purpose, by Theorem 2.1, we can assume, without loss of generality, that R is a
positive closed form of mass 1.
Let Φ˜ be a smooth test form of the right bi-degree in X̂ ×X with ‖Φ˜‖C 2 ≤ 1. We have
to show that
∣∣〈R˜n,m, Φ˜〉∣∣ is bounded by a constant times e−n. We have∣∣〈R˜n,m, Φ˜〉∣∣ = ∣∣〈(uˆn − uˆn+m) ∧ Ω̂k−1 ∧ Π∗2(R), ddcΦ˜〉∣∣.
Observe that the form ddcΦ˜ is bounded, Ω̂k−1∧Π∗2(R) is positive and 0 ≤ uˆn− uˆn+m ≤ −uˆ.
Moreover, uˆn − uˆn+m vanishes outside ∆̂e−n+n0+1 since both uˆn and uˆn+m are equal to
uˆ outside this set. Therefore, the last pairing (which involves ddcΦ˜) is bounded by a
constant times the mass of −uˆΠ∗2(R) in ∆̂e−n+n0+1 . The second assertion in Proposition
2.3 implies the desired estimate.
Assume now that ϑT (ǫ) = O(ǫ
ν) as ǫ → 0 for some constant ν > 0. We prove that
T has a Ho¨lder continuous super-potential. It follows from Theorem 1.1 for continuous
super-potentials that T has a continuous super-potential. Let R be a smooth form in
D˜0k−p+1(X) with ‖R‖∗ ≤ 1. We need to show that |UT (R)| ≤ c
′(‖R‖−2)
ν′ for some positive
constants c′ and ν ′ independent of R. It is enough to consider the case where ‖R‖−2 is
small. Define ǫ0 := (‖R‖−2)
1/(25k). As in the end of Proposition 2.7, consider a smooth
function 0 ≤ ρ ≤ 1 with compact support in ∆̂2ǫ0 which is equal to 1 on ∆̂ǫ0. We have
UT (R) =
∫
X̂×X
ρ(uˆηˆ+ βˆ ′)∧Π∗1(T −α)∧Π
∗
2(R)+
∫
X̂×X
(1−ρ)(uˆηˆ+ βˆ ′)∧Π∗1(T −α)∧Π
∗
2(R).
The first term is bounded by a constant times ϑ(4ǫ0)+ ǫ0. Therefore, this term is bounded
by c′‖R‖ν
′
−2 for some positive constants c
′ and ν ′.
It remains to bound the second term. As in Proposition 2.7, this term is equal to〈
(T − α)⊗R,Φ
〉
=
〈
T − α, (π1)∗(π
∗
2(R) ∧ Φ)
〉
.
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Observe that we can choose ρ such that ‖ρ‖C 2 bounded by a constant times ǫ
−2
0 . The
C 2 norm of uˆ is bounded by a constant times ǫ−20 on the support of Π
∗(Φ) because this
support is outside ∆̂ǫ0 . It follows that the C
2 norm of Π∗(Φ) is bounded by ǫ−40 . Observe
also that the C 3 norm of the map Π−1 on the support of Φ is bounded by a constant
times ǫ−40 . This can be seen using local coordinates in the construction of the blow-up
of manifolds. We then deduce that the C 2 norm of Φ, which is equal to (Π−1)∗Π∗(Φ),
is bounded by ǫ−24k0 . To see the last point, we can use a local real coordinate system
(t1, . . . , t4k) in X̂ ×X. It is enough to observe that C
2 norm of (Π−1)∗(dtj) is O(ǫ
−4
0 ) for
each 1 ≤ j ≤ 4k and if g(t) is a coefficient of Π∗(Φ), the C 2 norm of g is O(ǫ−40 ) and the
one of (Π−1)∗(g) is O(ǫ−80 ) which is bounded by O(ǫ
−8k
0 ).
The form (π1)∗(π
∗
2(R)∧Φ) is obtained from π
∗
2(R)∧Φ by integrating on the fibers of π1.
Therefore, its C 0 norm is bounded by a constant times ‖Φ‖C 2‖R‖−2. By the definition of
ǫ0, the last expression is bounded by a constant times ǫ0. Finally, since the mass of T − α
is finite, we deduce that
∣∣〈T − α, (π1)∗(π∗2(R) ∧ Φ)〉∣∣ is bounded by a constant times ǫ0.
This completes the proof of the proposition. 
Proof of Theorem 1.1 for Ho¨lder continuous super-potentials. Assume that T has a
Ho¨lder continuous super-potential. Since ϑT ′(ǫ) ≤ ϑT (ǫ), it is clear from Proposition 2.8
that T ′ satisfies the same property. This ends the proof of Theorem 1.1 for all cases. 
3. SUPER-POTENTIALS VERSUS DENSITIES
In this section, we first recall some basic facts from the theory of densities for currents
and refer the reader to [16] for details. For simplicity, we will restrict ourselves in the
setting of Theorem 1.2. The proof of this theorem will be given at the end of the section.
Let π : E→ ∆ denote the normal vector bundle to ∆ in X×X. We identify ∆ with the
zero section of E. For λ ∈ C∗, let Aλ : E→ E be the multiplication by λ on the fibers of π.
The diagonal ∆ is invariant under the action of Aλ. Consider a diffeomorphism τ from a
neighborhood of∆ in X×X to a neighborhood of ∆ in E such that the restriction of τ to
∆ is the identity map. We see that the normal bundle to ∆ in E is canonically isomorphic
to E and the differential dτ of τ preserves the tangent bundle of ∆. Consequently, dτ
induces a real endomorphism of E. There exists a map τ such that this endomorphism of
E is the identity map, see [16, Lemma 4.2]. We say that τ is admissible. From now on,
we fix an admissible map τ as above. In general, it is not a holomorphic map.
Let T and S be as in Theorem 1.2. Consider the following family of closed currents of
degree (2p+ 2q) indexed by λ ∈ C∗
Rλ := (Aλ)∗τ∗(T ⊗ S).
Since τ may not be holomorphic, the currentRλ may not be of bi-degree (p+q, p+q) and
we cannot talk about its positivity. However, for any sequence (λn)n≥1 in C
∗ converging to
infinity, there is a subsequence (λnj )j≥1 such that Rλnj converges to some positive closed
current R of bi-degree (p+ q, p+ q) in E, as j tends to infinity. We say that R is a tangent
current of T ⊗S along ∆. It may depend on the sequence λnj but it is independent of the
choice of τ . Recall that R is invariant under the action of Aλ for every λ ∈ C
∗.
Tangent currents can be seen using local holomorphic coordinates near ∆. We will
introduce here coordinates which are suitable for the proof of Theorem 1.2. Let z =
(z1, . . . , zk) denote a local holomorphic coordinate system on a local chart U of X. We
SUPER-POTENTIALS, DENSITIES OF CURRENTS AND PERIODIC POINTS 13
consider the natural coordinate system (z, w) on U × U with w = (w1, . . . , w2), a copy
of z, such that ∆U := ∆ ∩ (U × U) is given by the equation z = w. We will use the
coordinates (z′, w′) for a small neighborhood W of ∆U with z
′ := z and w′ := w − z. So
∆U is given by the equation w
′ = 0. The restriction of E to ∆U can be identified with
∆U × C
k. In this setting, the projection π is just the map (z′, w′) 7→ (z′, 0). The dilation
Aλ is the map (z
′, w′) 7→ (z′, λw′).
For simplicity, we also identify W with an open subset of ∆U × C
k. With all these
notations, the current R above satisfies
R = lim
j→∞
(Aλnj )∗(T ⊗ S) on ∆U × C
k
or equivalently, for any real smooth form Φ of bi-degree (2k − p − q, 2k − p − q) with
compact support in ∆U × C
k, we have
(3.1) 〈R,Φ〉 = lim
j→∞
〈
(Aλnj )∗(T ⊗ S),Φ
〉
.
In what follows, we only need to consider λ such that |λ| ≥ 1.
Let i : X → ∆ be the natural map x 7→ (x, x) sending X to ∆. In order to prove
Theorem 1.2, it is enough to show that R = π∗(i∗(T ∧ S)), where T ∧ S is defined using
the super-potential of T as in the introduction. So we need to study the pairing in the
RHS of the identity (3.1). We first consider the case where Φ has compact support in W
which is an open subset of X ×X. We have (see also Lemma 3.1 below)
(3.2)
〈
(Aλ)∗(T ⊗ S),Φ
〉
=
〈
T ⊗ S,A∗λ(Φ)
〉
=
〈
T,Ψλ
〉
,
where
Ψλ := (π1)∗
[
A∗λ(Φ) ∧ π
∗
2(S)
]
.
Lemma 3.1. The current Ψλ is smooth, depending continuously on S, and the identity (3.2)
holds. Moreover, for |λ| ≥ 1, the L1-norm of Ψλ is bounded by a constant independent of λ
and also of S if we assume that the mass of S is bounded by a fixed constant.
Proof. We only consider λ such that |λ| ≥ 1. We use the coordinates z for Ψλ and (z
′, w′)
with z′ = z, w′ = w − z for Φ. We have
Ψλ(z) =
∫
w∈X
Φ
(
z, λ(w − z)
)
∧ S(w).
Now, it is clear that Ψλ is smooth and depends continuously on S. The identity (3.2)
clearly holds when T is smooth. Since the tensor product of currents depend continu-
ously on these currents, the identity holds for all T and S. We don’t need here that T
and S are positive and closed.
For the rest of the lemma, we only need to assume that S is a positive current of
bounded mass, not necessarily closed. We can assume that S has support in a point
a ∈ X since it can be obtained as an average of such currents. So π∗2(S) is supported
by X × {a}. Observe that the intersection of the support of A∗λ(Φ) with X × {a} has
2k-dimensional volume bounded by a constant times |λ|−2k. Moreover, since the degree
of Φ in w′ is at most 2k, the coefficients of Φ
(
z, λ(w− z)
)
is bounded by a constant times
|λ|2k. It is now clear that the L1-norm of Ψλ is bounded by a constant. 
Lemma 3.2. We have that Ψλ converges weakly to i
∗(π∗(Φ)) ∧ S as λ tends to infinity.
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Proof. From the above study of L1-norm of Ψλ in the proof of Lemma 3.1, we see that if
the degree of Φ in w′ is not maximal, then the L1-norm of Ψλ tends to 0. It is also clear
that π∗(Φ) vanishes and the lemma holds in this case. So we can remove from Φ all terms
which are not of maximal degree in w′. Without loss of generality, assume that
Φ(z′, w′) = φ(z′) ∧ h(z′, w′)(dw′1 ∧ dw
′
1) ∧ . . . ∧ (dw
′
k ∧ dw
′
k),
where φ is a smooth form of bi-degree (k−p− q, k−p− q) on U and h(z′, w′) is a smooth
function with compact support in W .
We will prove the lemma for any positive current S, not necessarily closed. Such a
current S can be written as an average of positive currents of the irreducible form
δa ⊗ (−iv1 ⊗ v1)⊗ · · · ⊗ (−ivk−q ⊗ vk−q),
where a in a point in X and vj is a holomorphic tangent vector of X at a. We have seen
that the L1-norm of Ψλ is bounded by a constant independent of λ and S. Therefore, by
Lebesgue’s convergence theorem, we can assume that S has the above irreducible form.
Note that if a is outside U then both Ψλ and i
∗(π∗(Φ)) ∧ S vanish when λ is large
enough, and the lemma is clear. Consider the case where a is in U . Using a linear change
of coordinates, we can assume for simplicity that z = 0 at a and vj = ∂/∂zj , that is, for
any test form ψ of bi-degree (k − q, k − q) on X, we have 〈S, ψ〉 = (−i)k−qg(0) if g(z)
denotes the coefficient of dz1∧dz1∧ . . .∧dzk−q∧dzk−q in ψ. Let Θ be a smooth (p, p)-form
on X. We need to show that
(3.3) lim
λ→∞
〈Ψλ,Θ〉 =
〈
i∗(π∗(Φ)) ∧ S,Θ
〉
.
We first compute the limit in the last identity. By definition of Ψλ, we have
〈Ψλ,Θ〉 =
〈
S, (π2)∗
(
A∗λ(Φ) ∧ π
∗
1(Θ)
)〉
= (−i)k−qgλ(0),
where gλ(w) is the coefficient of dw1 ∧ . . . ∧ dwk−q in (π2)∗
(
A∗λ(Φ) ∧ π
∗
1(Θ)
)
. In order to
compute this coefficient, observe that
A∗λ(Φ) ∧ π
∗
1(Θ) = |λ|
2kφ(z) ∧ h(z, λ(w − z))(dw′1 ∧ dw
′
1) ∧ . . . ∧ (dw
′
k ∧ dw
′
k) ∧Θ(z).
Note that the image of the last form by (π2)∗ is obtained by integrating it in variable z.
Recall that we only need to compute the coefficient of dw1 ∧ . . . ∧ dwk−q at the point
w = 0. Since w′ = w − z, we obtain
gλ(0) = |λ|
2k
∫
z
φ(z) ∧ h(z,−λz) dzk−q+1 ∧ . . . ∧ dzk ∧Θ(z).
Using the change of coordinates z 7→ −λ−1z gives
gλ(0) =
∫
z
|λ|2(k−p−q)φ(−λ−1z) ∧ h(−λ−1z, z) dzk−q+1 ∧ . . . ∧ dzk ∧ |λ|
2pΘ(−λ−1z).
It follows that
lim
λ→∞
〈Ψλ,Θ〉 = lim
λ→∞
(−i)k−qgλ(0) = (−i)
k−q
∫
z
φ(0) ∧ h(0, z) dzk−q+1 ∧ . . . ∧ dzk ∧Θ(0)
= (−i)k−qθ
∫
z
h(0, z) dz1 ∧ . . . ∧ dzk,
where θ is the coefficient of dz1 ∧ . . . ∧ dzk−q in φ(0) ∧Θ(0).
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Consider now the RHS of (3.3). It is equal to
〈
S, i∗(π∗(Φ)) ∧ Θ
〉
. So it is equal to
(−i)k−ql(0), where l(z) is the coefficient of dz1 ∧ . . . ∧ dzk−q in i
∗(π∗(Φ)) ∧ Θ. From the
above expression of Φ in coordinates (z′, w′), we obtain that
i∗(π∗(Φ)) = φ(z)
∫
w′
h(z, w′)dw′1 ∧ . . . ∧ dw
′
k.
It follows that〈
S, i∗(π∗(Φ)) ∧Θ
〉
= (−i)k−ql(0) = (−i)k−qθ
∫
w′
h(0, w′)dw′1 ∧ . . . ∧ dw
′
k,
which implies the desired identity (3.3). 
Lemma 3.3. The ∗-norm ‖ddcΨλ‖∗ of dd
cΨλ is bounded by a constant independent of λ for
|λ| ≥ 1. In particular, ddcΨλ converges to dd
c[i∗(π∗(Φ))] ∧ S in D
0
k−p+1(X), as λ tends to
infinity.
Proof. By Lemma 3.2, we have that ddcΨλ converges to dd
c[i∗(π∗(Φ))] ∧ S weakly. So the
second assertion in the lemma is a direct consequence of the first one. We prove now the
first assertion. We only consider |λ| ≥ 1. We have by definition of Ψλ
ddcΨλ = (π1)∗
[
A∗λ(dd
cΦ) ∧ π∗2(S)
]
.
Claim. There is a positive closed current Θλ of bi-degree (2k− p, 2k− p) on X ×X such
that ‖Θλ‖ is bounded by a constant independent of λ and A
∗
λ(dd
cΦ) ∧ π∗2(S) ≥ −Θλ.
We first assume the claim and complete the proof of the lemma. Write ddcΨλ = Θ
+
λ −
Θ−λ with Θ
−
λ := (π1)∗(Θλ) and Θ
+
λ := dd
cΨλ + Θ
−
λ . Clearly, Θ
−
λ is positive closed with
mass bounded independently of λ. Since ddcΨλ is an exact current, Θ
+
λ is closed and
cohomologous to Θ−λ . By the claim, this current is also positive. Since the mass of a
positive closed current depends only on its cohomology class, the mass of Θ+λ is equal to
the one of Θ−λ and therefore, is bounded independently of λ. The lemma follows.
We prove now the claim. Observe that Ω := ddc‖z′‖2 + ddc‖w′‖2 is a strictly positive
(1, 1)-form on W . Multiplying Φ by a constant, we can assume that ddcΦ ≥ −Ω2k−p−q on
W . It follows that
A∗λ(dd
cΦ) ≥ −(A∗λ(Ω))
2k−p−q = −(ddc‖z′‖2 + |λ|2ddc‖w′‖2)2k−p−q on A−1λ (W ).
Arguing as in [17, Lemma 3.1], there is a sequence of smooth positive (1, 1)-forms
Ω0,Ω1, . . . on X ×X such that
∑
‖Ωn‖ is bounded by a constant independent of λ and∑
Ωn ≥ dd
c‖z′‖2 + |λ|2ddc‖w′‖2 on A−1λ (W )
(we can choose here Ω0 larger than dd
c‖z′‖2).
Recall again that the mass of a positive closed current depends only on its cohomology
class. Thus, the current Θλ := (
∑
Ωn)
2k−p−q ∧ π∗2(S) is well-defined and its mass is
bounded by a constant independent of λ. We clearly have A∗λ(dd
cΦ)∧π∗2(S) ≥ −Θλ. This
ends the proof of the claim. 
End of the proof of Theorem 1.2. We need to show thatR = π∗(i∗(T ∧S)), where T ∧S
is defined in the introduction using a super-potential of T . Let Φ be a real smooth test
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form of bi-degree (2k − p− q, 2k − p− q) with compact support on E. We need to show
that
(3.4) 〈R,Φ〉 =
〈
π∗(i∗(T ∧ S)),Φ
〉
.
Using a partition of unity and the notations as above, we can assume that Φ has compact
support in U × Ck. Moreover, since both R and π∗(i∗(T ∧ S)) are invariant under the
action of Aλ, it is enough to consider the case where the support of Φ is contained in W
as in the situation of the above lemmas.
Let UT , UT and α be as in the introduction. By the hypothesis of the theorem, UT is
continuous on D0k−p+1(X). Using this property, (3.2) and Lemma 3.3, we obtain
〈R,Φ〉 = lim
j→∞
〈T,Ψλnj 〉 = limj→∞
〈T − α,Ψλnj 〉+
〈
α, i∗(π∗(Φ)) ∧ S
〉
= lim
j→∞
〈UT , dd
cΨλnj 〉+
〈
α ∧ S, i∗(π∗(Φ))
〉
= lim
j→∞
UT (dd
cΨλnj ) +
〈
α ∧ S, i∗(π∗(Φ))
〉
= UT
(
ddc[i∗(π∗(Φ))] ∧ S
)
+
〈
α ∧ S, i∗(π∗(Φ))
〉
.
By the definition of wedge-product of currents, the last sum is equal to
〈
T ∧S, i∗(π∗(Φ))
〉
which is equal to the RHS of (3.4). This ends the proof of the theorem. 
4. HOLOMORPHIC CORRESPONDENCES AND ACTIONS ON CURRENTS
As mentioned in the introduction, we will prove Theorem 1.3 in a more general set-
ting of holomorphic correspondences, see Theorem 5.1 below. In this section, we first
recall some basic notions on correspondences. We then study the action of holomorphic
correspondences on currents and cohomology. Several notations that we use below, have
already been defined in the introduction.
Consider an effective k-cycle Γ =
∑
Γj which is a finite combination of irreducible
analytic sets Γj of dimension k in X × X. We only consider Γj such that its projections
by π1 and π2 are equal to X. Note that the Γj ’s are not necessarily distinct. We say that
Γ defines a (dominant) meromorphic correspondence f from X to X and Γ is the graph of
f . If A is any subset of X, define
f(A) := π2(π
−1
1 (A)) and f
−1(A) := π1(π
−1
2 (A)).
The adjoint correspondence of f is denoted by f−1. This is the correspondence whose
graph is symmetric to Γ with respect to the diagonal ∆ of X × X, that is, the graph of
f−1 is the image of Γ by the involution (x, y) 7→ (y, x).
Define the indeterminacy set of f by
I(f) :=
{
x ∈ X, dim π−11 (x) ∩ Γ > 0
}
.
This is an analytic subset of co-dimension at least 2 of X. When I(f) is empty, we say
that f is a holomorphic correspondence. Note that when π1 restricted to Γ is generically
one-to-one, then f is a meromorphic map and when it is one-to-one, f is a holomorphic
map. So we can consider correspondences as multi-valued maps. It is not difficult to
show that if f is a holomorphic map then f−1 is a holomorphic correspondence but this
is not true in general when f is multi-valued, see Lemma 4.7 below.
From now on, we only consider holomorphic correspondences, i.e. we always suppose
I(f) = ∅. So for x ∈ X the number of points in f(x), counted with multiplicity, is
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a positive integer independent of x. We will denote it by d0 or d0(f). Similarly, if x
is outside the indeterminacy set I(f−1) of f−1, then the number of points in f−1(x),
counted with multiplicity, is a positive integer independent of x. We call it topological
degree of f and denote it by dk or dk(f), where k is the dimension of X. The degrees
d0(f) and dk(f) coincide with the dynamical degrees that will be introduced later. If g
is another holomorphic correspondence on X, define g ◦ f as the correspondence such
that g ◦ f(x) = g(f(x)), counting multiplicity, for every x ∈ X. This is also a holomorphic
correspondence. We have d0(g ◦ f) = d0(f)d0(g) and dk(g ◦ f) = dk(d)dk(g). As for
holomorphic maps, the iterate of order n of f is defined by fn := f ◦ · · · ◦ f (n times).
A holomorphic correspondence f on X induces pull-back and push-forward operators
f ∗ and f∗ on currents as follows : if T is a current on X, define
f ∗(T ) := (π1)∗(π
∗
2(T ) ∧ [Γ]) and f∗(T ) := (π2)∗(π
∗
1(T ) ∧ [Γ]),
when the wedge-products in these expressions are meaningful. Clearly, when T is smooth,
the above currents f ∗(T ) and f∗(T ) are well-defined. These operators are in fact defined
in more general settings. The following identity holds at least when T and φ are smooth
currents of the right degrees
(4.1) 〈f ∗(T ), φ〉 = 〈T, f∗(φ)〉.
Observe that the operators f ∗ and f∗ commute with the operators ∂, ∂ and recall that
the Hodge cohomology groups can be defined using either smooth forms or singular cur-
rents. Therefore, f ∗ and f∗ induce linear self-maps on the cohomology groupsH
p,q(X,C)
and Hp,p(X,R) that we will denote by the same notations. We deduce from (4.1) that
f ∗(c) ` c′ = c ` f∗(c
′)
for all c ∈ Hp,q(X,C) and c′ ∈ Hk−p,k−q(X,C). Here, we identify the top degree group
Hk,k(X,C) with C in the canonical way. So the last cup-products are complex numbers.
Thus, the operator f ∗ on Hp,q(X,C) is dual to the operator f∗ on H
k−p,k−q(X,C).
Proposition 4.1. Let f be a holomorphic correspondence on X as above and let 0 ≤ p ≤ k
be an integer. Then the operator f∗, which is well-defined on D˜p(X), extends continuously
to a linear operator from Dp(X) to Dp(X). Moreover, it preserves the subspace D
0
p(X) and
the cone D+p (X) of positive (p, p)-currents. If T is in Dp(X), then f∗{T} = {f∗(T )}. If g is
another holomorphic correspondence onX, then (g◦f)∗ = g∗◦f∗ on Dp(X) andH
p,p(X,R).
Proof. The proposition, except for the last assertion, is a particular case of [13, Th.4.5].
Also, by this theorem, if T is in D+p (X) and have no mass on proper analytic subsets
of X, then f∗(T ) satisfies the same property. We will only prove the identity in the last
assertion of the proposition forDp(X) because it implies the same identity forH
p,p(X,R).
By continuity and Theorem 2.1, we only need to check that (g ◦ f)∗(T ) = g∗(f∗(T )) for
a smooth positive closed (p, p)-form T . Since the both sides of this identity are currents
having no mass on proper analytic sets ofX, it is enough to check the identity on a dense
Zariski open subset of X. Note also that this identity is clear when f and g are maps, i.e.
univalued.
Let Γ and Γ′ denote the graphs of f and g respectively. Choose a dense Zariski open
set Ω of X such that the restriction of π2 (resp. π1) to Γ
′ ∩ π−12 (Ω) is a unramified
covering (resp. unramified map, or equivalently, map without critical points). Define
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Ω′ := g−1(Ω). Reducing Ω if necessary allows us to assume that the restriction of π2
(resp. π1) to Γ ∩ π
−1
2 (Ω
′) is a unramified covering (resp. unramified map).
Fix an arbitrary point a in Ω and a small enough neighbourhood U of a in Ω. Then
the graph of g restricted to π−12 (U) is the union of the graphs of a finite number of
holomorphic bijective maps, denoted by gi : Ui → U , which are defined on some open
subsets Ui of Ω
′. Since U is small, Ui is also small. Therefore, the graph of f restricted
to π−12 (Ui) is the union of the graphs of a finite number of holomorphic bijective maps,
denoted by fij : Uij → Ui, which are defined on some open subsets Uij of Ω
′′. We deduce
that the graph of g ◦ f restricted to π−12 (U) is the union of the graphs of gi ◦ fij. It follows
that both (g ◦ f)∗(T ) and g∗(f∗(T )) are equal in U to the sum of (gi)∗(fij)∗(T ). This ends
the proof of the proposition. 
Lemma 4.2. Let T be a positive closed (p, p)-current on X with a bounded super-potential.
Then T has no mass on pluripolar sets of X. In particular, it has no mass on proper analytic
subsets of X.
Proof. Let E be a pluripolar set in X. Then there is a quasi-p.s.h. function u on X
such that u = −∞ on E. Subtracting from u a constant allows us to assume that u is
strictly negative. A regularization theorem by Demailly says that we can find a sequence
of negative smooth functions un on X decreasing to u such that dd
cun ≥ −cω for some
constant c independent of n, see [5]. We deduce that ‖ddcun‖∗ is bounded by a constant
independent of n.
Let α and UT be as in the introduction. We have
UT (dd
cun ∧ ω
k−p) = 〈T ∧ ωk−p, un〉 − 〈α ∧ ω
k−p, un〉.
Therefore,
lim
n→∞
UT (dd
cun ∧ ω
k−p) =
∫
X
uT ∧ ωk−p −
∫
X
uα ∧ ωk−p.
By hypothesis, the LHS of the last identity is finite. Since quasi-p.s.h. functions are
integrable, the second term in the RHS is finite. We deduce that the first term is also
finite. So u is integrable with respect to the trace measure of T . Since u = −∞ on E, we
deduce that T has no mass on E. 
Lemma 4.3. Let f and p be as in Proposition 4.1. Let T be a smooth positive closed (p, p)-
form. Then f ∗(T ) is a positive closed (p, p)-current with a continuous super-potential.
Proof. For R in D0k−p+1(X) let UR be the potential of R constructed in Proposition 2.3. Let
α′ be a smooth closed (p, p)-form onX which is cohomologous to f ∗(T ). Let U denote the
super-potential of f ∗(T ) associated to the reference form α′. When R is smooth, we have
U(R) = 〈f ∗(T ), UR〉 − 〈α
′, UR〉. Since UR depends continuously on R, the pairing 〈α
′, UR〉
extends to a continuous function of R ∈ D0k−p+1(X). So, in order to get the lemma, it is
enough to show that the pairing 〈f ∗(T ), UR〉 satisfies the same property.
We have 〈f ∗(T ), UR〉 = 〈T, f∗(UR)〉 when R is smooth. Since T is smooth, it is enough
to show that f∗(UR) is well-defined for every R in D
0
k−p+1(X), not necessarily smooth,
and this current depends continuously on R. But this is a direct consequence of [13,
Th.4.6]. The lemma follows. 
Let D+cp (X) denote the cone of positive closed (p, p)-currents with continuous super-
potentials. Let Dcp(X) be the vector subspace of Dp(X) spanned by D
+c
p (X). It contains
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D˜p(X). Define alsoD
0c
p (X) := D
c
p(X)∩D
0
p(X). Observe that the notion of super-potential
introduced in the introduction can be extended by linearity to all currents in Dp(X). In
particular, Lemma 4.3 holds for all (smooth) T in D˜p(X). If T is a current in D
0
p(X),
we will use the super-potential of T associated to the reference form α = 0; we call it
canonical super-potential.
Proposition 4.4. Let f and p be as in Proposition 4.1. Then the operator f ∗, which is
well-defined on D˜p(X), extends to a linear operator from D
c
p(X) to itself with the following
properties:
(i) The operator f ∗ preserves the subspace D0cp (X), the cone D
+c
p (X) and we have
{f ∗(T )} = f ∗{T} for every T in Dcp(X);
(ii) Let T be a current in D0cp (X). If UT and Uf∗(T ) denote the canonical super-potentials
of T and f ∗(T ) respectively, then Uf∗(T )(R) = UT (f∗(R)) for every R ∈ D
0
k−p+1(X).
Proof. Let Γ denote the graph of f in X ×X and [Γ] the positive closed (k, k)-current of
integration on Γ. Let T be any current in D+cp (X). By Lemma 2.2, π
∗
2(T ) is a current
in D+cp (X × X) and then by Theorem 1.2, the wedge-product π
∗
2(T ) ∧ S defines a pos-
itive closed current for every positive closed (k, k)-current S on X × X, see also [26].
This wedge-product depends continuously on S and therefore, we easily deduce from
Theorem 2.1 that
{π∗2(T ) ∧ S} = {π
∗
2(T )} ` {S} = π
∗
2{T} ` {S}
because this obviously holds when S is smooth. In particular, we can define
f ∗(T ) := (π1)∗(π
∗
2(T ) ∧ [Γ])
which is a positive closed (p, p)-current. If T is smooth, this is the usual pull-back of T
by f mentioned in the beginning of the section. We also have
{f ∗(T )} = (π1)∗
(
π∗2{T} ` {Γ}
)
= f ∗{T}.
By linearity, f ∗ extends to Dcp(X) and the last identity holds for the extended operator.
In order to prove that f ∗ preserves Dcp(X), D
0c
p (X) and D
+c
p (X), we claim now that it is
enough to prove the identity in (ii) for R smooth. Indeed, by Proposition 4.1, the RHS of
this identity extends to a continuous function on R ∈ D0k−p+1(X). So the identity implies
that f ∗(T ) has a continuous super-potential and therefore, Lemma 4.3 implies the same
property for every current T in Dcp(X) because we can write it as the sum of a current in
D0cp (X) and a smooth closed form. This proves (i).
We prove now the identity in (ii) for R smooth. Let UR be as in the proof of Lemma
4.3. We have
Uf∗(T )(R) = 〈f∗(T ), UR〉 = 〈π
∗
2(T ) ∧ [Γ], π
∗
1(UR)〉.
By Theorem 2.1, there is a sequence of smooth forms [Γ]n converging to [Γ] in Dk(X×X).
We deduce from the last identities and the continuity of the wedge-product that
Uf∗(T )(R) = lim
n→∞
〈
π∗2(T ) ∧ [Γ]n, π
∗
1(UR)
〉
= lim
n→∞
〈
T, (π2)∗([Γ]n ∧ π
∗
1(UR))
〉
.
The last pairing is equal to the value of UT at dd
c(π2)∗([Γ]n∧π
∗
1(UR)). Observe that the last
current is equal to (π2)∗([Γ]n ∧ π
∗
1(R)) and therefore, it converges to f∗(R) in D
0
k−p+1(X).
Since UT is continuous, we deduce that the last limit is equal to UT (f∗(R)). This ends the
proof of the proposition. 
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Remark 4.5. Let T,R be as in Proposition 4.4(ii) and let UR denote the canonical super-
potential of R. When T is smooth, we have UR(T ) = 〈UR, T 〉 = UT (R). Therefore, we
can extend UR to D
0c
p (X) by setting UR(T ) := UT (R). We deduce from Proposition 4.4(ii)
that Uf∗(R)(T ) = UR(f
∗(T )) for T ∈ D0cp (X).
Let Ω be a dense Zariski open set in X so that the restriction τ1 (resp. τ2) of π1 (resp.
π2) to Γ∩π
−1
1 (Ω) is a unramified covering (resp. unramified map). So τ1 and τ2 are locally
bi-holomorphic maps. If T is any current on X, we can define the current (τ1)∗τ
∗
2 (T ) on
Ω which depends continuously on T . The following lemma gives us a more explicit
description of the operator f ∗.
Lemma 4.6. Let f, g, p be as in Proposition 4.1 and Γ,Ω, τ1, τ2 be as above. Let T be a
current in Dcp(X). Then f
∗(T ) is the extension by 0 of (τ1)∗τ
∗
2 (T ) to X. Moreover, the
operator f ∗ satisfies the following continuity property : if (Tn)n≥0 is a sequence in D
+c
p (X),
converging weakly to a current T also in D+cp (X), then f
∗(Tn) converges weakly to f
∗(T ).
We also have (g ◦ f)∗ = f ∗ ◦ g∗ on Dcp(X).
Proof. By Proposition 4.4, f ∗(T ) has a continuous super-potential. By Lemma 4.2, this
current has no mass on X \ Ω. So for the first assertion in the lemma, we only need
to show that f ∗(T ) = (τ1)∗τ
∗
2 (T ) on Ω. Let φ be a real smooth (k − p, k − p)-form with
compact support on Ω. We need to check that 〈f ∗(T ), φ〉 = 〈(τ1)∗τ
∗
2 (T ), φ〉. This identity
is clear if we replace T by a smooth form. Therefore, adding to T a suitable smooth
closed form, we can assume that T belongs to D0cp (X). By Proposition 4.4, we have
Uf∗(T )(dd
cφ) = UT (dd
cf∗(φ)). Using the properties of Ω, we see that f∗(φ) is smooth and
is equal to (τ2)∗τ
∗
1 (φ). Therefore, we have
〈f ∗(T ), φ〉 = Uf∗(T )(dd
cφ) = UT (dd
cf∗(φ)) = 〈T, f∗(φ)〉 = 〈T, (τ2)∗τ
∗
1 (φ)〉.
This implies the desired identity and then the first assertion in the lemma.
We prove now the second assertion. Since Tn converges to T , its mass and cohomology
class are bounded independently of n. Therefore, the same properties hold for f ∗(Tn).
Extracting a subsequence allows us to assume that f ∗(Tn) converges to a positive closed
current S. We need to show that S = f ∗(T ). Since the operator (τ1)∗(τ2)
∗ is continuous,
we deduce that S = f ∗(T ) on Ω. Moreover, since f ∗(T ) has no mass on X \ Ω, we
obtain that S − f ∗(T ) is a positive closed current with support in X \ Ω, see [25]. By
Proposition 4.4, the operator f ∗ is compatible with the action of f on cohomology. Thus,
the cohomology class of S−f ∗(T ) is 0 and therefore this positive closed current is 0. The
result follows.
Consider now the last assertion in the lemma. Let Γ′ be the graph of g and define
Ω′ := f(Ω). We can choose Ω so that π1 restricted to Γ
′∩π−11 (Ω
′) is a unramified covering
over Ω′ and that π2 restricted to Γ
′ ∩ π−11 (Ω
′) is a unramified map. Using these maps and
τ1, τ2, we can see as in the proof of Proposition 4.1 that (g ◦ f)
∗ = f ∗ ◦ g∗ on Ω. We then
deduce from the first assertion of the lemma that (g ◦ f)∗ = f ∗ ◦ g∗ on Dcp(X). 
By Proposition 4.1, the operator (fn)∗ acts continuously onDp(X) and we have (f
n)∗ =
(f∗)
n. It follows that (fn)∗ = (f∗)
n on the cohomology group Hp,p(X,R). Similarly,
we deduce from Proposition 4.4 and Lemma 4.6 that (fn)∗ = (f ∗)n on Dcp(X) and on
Hp,p(X,R). We call dynamical degree of order p of f the spectral radius dp(f) of f
∗ on
Hp,p(X,R). Since the last operator is dual to f∗ acting on H
k−p,k−p(X,R), dp(f) is also
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the spectral radius of f∗ on H
k−p,k−p(X,R). It is not difficult to show that this dynamical
degree is an eigenvalue of f ∗ on Hp,p(X,R) and of f∗ on H
k−p,k−p(X,R). We have the
following elementary lemma.
Lemma 4.7. Let f be a surjective holomorphic map fromX toX. Then f−1 is a holomorphic
correspondence.
Proof. Let a be a point in X. We need to show that f−1(a) is finite. Assume by contradic-
tion that f−1(a) contains an analytic subset Y of dimension q ≥ 1. We can assume that
Y is of pure dimension q. Since the positive closed current (k − q, k − q)-current defined
by Y is not zero, its class in Hk−q,k−q(X,R) is not zero. We denote this class by {Y }. The
choice of Y implies that the positive closed current f∗([Y ]) is supported by the point a.
We used here that f is univalued. Therefore, it vanishes and we obtain f∗{Y } = 0.
Observe now that f∗ ◦ f
∗(α) = dk(f)α for every smooth form α. We deduce that f∗ ◦ f
∗
acting on Hk−q,k−q(X,R) is just the multiplication by dk(f). In particular, the operator f∗
is invertible. But f∗{Y } = 0. This is a contradiction. The lemma follows. 
5. DYNAMICAL GREEN CURRENTS AND PERIODIC POINTS
In this section, we will prove Theorem 5.1 below which is an extension of Theorem
1.3 for correspondences. Throughout the section, we assume that f is a correspondence
as in this statement.
Theorem 5.1. Let f be a (dominant) holomorphic correspondence on a compact Ka¨hler
manifold X of dimension k such that f−1 is also a holomorphic correspondence. Assume
that the action of f on cohomology is simple. More precisely, there is an integer 0 ≤ p ≤ k
such that (1) the dynamical degree of order p of f , denoted by d, is strictly larger than the
other dynamical degrees, (2) d is a simple eigenvalue of f ∗ on Hp,p(X,R), and (3) the other
(real or complex) eigenvalues of this operator have modulus strictly smaller than d. If Pn
denotes the number of isolated periodic points of period n of f , counted with multiplicities,
then we have Pn ≤ d
n + o(dn) as n goes to infinity.
We call d the main dynamical degree of f . Note that when dimHp,p(X,R) = 1, e.g.
when p = 0 or p = k, the properties (2) and (3) are automatically satisfied. The quantity
ha(f) := log d is the algebraic entropy of the correspondence. Let Γn denote the graph
of fn in X × X. A point x is an isolated periodic point of period n of f if there is at
least a germ of analytic set of Γn at (x, x) which intersects ∆ only at this point (x, x).
The multiplicity of this periodic point is the total multiplicity of the intersections of such
germs of analytic sets with ∆ at (x, x).
In order to prove Theorem 5.1, we will use the property that the sequence Γn, suitably
normalized, admits a limit in the sense of currents when n tends to infinity, see Propo-
sition 5.10 below. We first need to construct and study the two main dynamical Green
currents T+ and T− of f , in particular, the action of fn on cohomology.
Lemma 5.2. The sequence d−n(fn)∗{ωp} converges inHp,p(X,R) to a non-zero class c+. Let
L+ denote the real line spanned by c+. Then we can writeHp,p(X,R) = L+⊕H+, whereH+
is a hyperplane of Hp,p(X,R) which is invariant by f ∗. Moreover, we have d−1f ∗(c+) = c+
and the spectral radius of d−1f ∗ on H+ is strictly smaller than 1.
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Proof. Observe that 1 is a simple eigenvalue of d−1f ∗ on Hp,p(X,R) and is the only eigen-
value of maximal modulus 1. Let L+ denote the set of vectors which are fixed by d−1f ∗.
Clearly, L+ is a real line. It is easy to obtain from basic results of linear algebra that there
is a hyperplane H+, corresponding to the other eigenvalues of d−1f ∗, which is invariant
by this operator. We have Hp,p(X,R) = L+ ⊕H+ and the spectral radius of d−1f ∗ on H+
is strictly smaller than 1.
Write {ωp} = c+ + c0, where c
+ is a class in L+ and c0 is a class in H
+. We have
d−n(fn)∗{ωp} = c+ + d−n(fn)∗(c0) and therefore d
−n(fn)∗{ωp} converges to c+ since on
H+ the sequence d−n(fn)∗ converges to 0. It remains to check that c+ 6= 0. We will prove
a more general property in Lemma 5.4 below. 
Lemma 5.3. The sequence d−n(fn)∗{ω
k−p} converges in Hk−p,k−p(X,R) to a non-zero class
c−. Let L− be the real line spanned by c−. Then we can write Hk−p,k−p(X,R) = L− ⊕
H−, where H− is a hyperplane of Hk−p,k−p(X,R), invariant by f∗. Moreover, we have
d−1f∗(c
−) = c− and the spectral radius of d−1f∗ on H− is strictly smaller than 1.
Proof. The proof is exactly the same as for Lemma 5.2. We also obtain that c− 6= 0 as a
consequence of Lemma 5.4 below. 
Lemma 5.4. The intersection number c+ ` c− is strictly positive. In order to simplify the
notation, we can (and we do) multiply ω by a constant so that
c+ ` c− = c+ ` {ωk−p} = {ωp} ` c− = 1.
Proof. Using the definitions of c+, c− and that the operator f ∗ on Hp,p(X,R) is dual to f∗
on Hk−p,k−p(X,R), we obtain
c+ ` c− = lim
n→∞
d−2n(fn)∗{ωp} ` (fn)∗{ω
k−p} = lim
n→∞
d−2n(f 2n)∗{ωp} ` {ωk−p}.
It follows that c+ ` c− = c+ ` {ωk−p} and similarly, we get c+ ` c− = {ωp} ` c−. So
if these cup-products are positive numbers, we can multiply ω by a constant in order to
assume that they are all equal to 1.
The cup-product in the last limit is equal to the mass of the positive closed current
d−2n(fn)∗(ωp). Observe that any limit value T of the sequence d−2n(f 2n)∗(ωp) is a positive
closed current in the class c+ and the mass of T is equal to c+ ` c−. Therefore, this is a
non-negative number and we only need to check that T is not equal to 0.
Observe that if c is a class in Hp,p(X,C) \H+ then d−n(fn)∗(c) converges to a non-zero
class in L+. Since any class c can be written as the difference of two classes of positive
smooth forms, there is a positive closed (p, p)-smooth form β such that {β} is outside
H+ and therefore d−n(fn)∗{β} converges to a class c′ in L+ \ {0}. Multiplying β with a
positive constant allows us to assume that β ≤ ωp. It follows that there is a limit value of
d−2n(f 2n)∗(β) which is a positive closed current T ′ smaller than or equal to T . Since T ′
belongs to the class c′, it is not equal to 0. It follows that T is not equal to 0. This ends
the proof of the lemma. 
Proposition 5.5. The sequence d−n(fn)∗(ωp) converges weakly to a positive closed (p, p)-
current T+ in the cohomology class c+, as n tends to infinity. The sequence d−n(fn)∗(ω
k−p)
converges weakly to a positive closed (k − p, k − p)-current T− in the cohomology class c−,
as n tends to infinity. Moreover, T+ and T− have continuous super-potentials.
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We will only prove the first assertion. The second one is obtained in the same way
by using f−1 instead of f . Consider the operator Λ := d−1f∗ acting on D
0
k−p+1(X). By
Proposition 4.1, Λ is bounded and continuous with respect to the topology considered
on D0k−p+1(X). Recall that the action of f
∗ on cohomology of X is simple and that the
mass of a positive closed current depends only on its cohomology class. Therefore, there
is a constant 0 < δ < 1 such that the norm of Λn with respect to the ∗-norm is bounded
by O(δn).
Choose a smooth real closed (p, p)-form α0 in the class c
+. Define αn := d
−n(fn)∗(α0).
This current is in the cohomology class c+. In particular, the class of α1 − α0 is zero and
we denote by V its canonical super-potential. By Proposition 4.4, this super-potential
is continuous on D0k−p+1(X). More precisely, V is bounded on ∗-bounded subsets of
D0k−p+1(X) and is continuous with respect to the topology considered on this space.
Lemma 5.6. The canonical super-potential of αn − α0, denoted by Vn, is continuous on
D0k−p+1(X) and is equal to V+V ◦Λ+ · · ·+V ◦Λ
n−1. Moreover, it converges to a continuous
function V∞ on D
0
k−p+1(X) as n goes to infinity.
Proof. We have
αn − αn−1 = d
−n+1(fn−1)∗(α1 − α0).
By Proposition 4.4, the canonical super-potential of αn − αn−1 is equal to V ◦ Λ
n−1. By
taking a sum of such currents, we obtain that
Vn = V + V ◦ Λ+ · · ·+ V ◦ Λ
n−1.
Since Λ is bounded and continuous, Vn is a continuous super-potential.
Since the ∗-norm of Λn is bounded by O(δn). The lass sum converges, uniformly on
∗-bounded sets in D0k−p+1(X), to a function V∞ on D
0
k−p+1(X). We have
V∞ = V + V ◦ Λ+ · · ·+ V ◦ Λ
n + · · ·
Clearly, this function is bounded on each ∗-bounded subset of D0k−p+1(X). On each ∗-
bounded subset of D0k−p+1(X), when n is large enough, the partial sum of order n of
the last series is continuous and the rest is small. It is not difficult to deduce that V∞ is
continuous with respect to the topology considered on D0k−p+1(X). 
Fix a real vector space H spanned by a finite number of smooth real closed (p, p)-
forms such that the map α 7→ {α} defines a bijection from H to the hyperplane H+ in
Hp,p(X,R). Define Ω0 := ω
p− α0. By definition of c
+, the class {Ω0} is in H
+. Therefore,
we can choose H so that Ω0 is in H .
For each class c in H+, there is a unique form βc in H such that {βc} = c. If c
′ :=
d−1f ∗(c), then the class of d−1f ∗(βc)− βc′ is 0 and we denote byWc its canonical super-
potential. We see that the set of all Wc is a finite dimensional vector space because
Wc depends linearly on c. Let c0 denote the class of Ω0 and define cn := d
−n(fn)∗(c0).
For simplicity, denote by βn the unique form in H such that {βn} = cn and define
Wn := Wcn . Define also Ωn := d
−n(fn)∗(Ω0) and U
′
n the canonical super-potential of
Ωn − βn. By Proposition 4.4, all Wc,Wn and U
′
n are continuous. Note that Ω0 = β0 and
hence U ′0 = 0. Note also that since the spectral radius of d
−1f ∗ on H+ is smaller than 1,
fixing a norm for Hp,p(X,R), we have ‖cn‖ = O(δ
n) and βn = O(δ
n) for some constant
0 < δ < 1.
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Lemma 5.7. The sequence U ′n converges to 0 on D
0
k−p+1(X) when n tends to infinity.
Proof. We have
Ωn − d
−1f ∗(βn−1) = d
−1f ∗(Ωn−1 − βn−1).
Therefore, the canonical super-potential of Ωn−d
−1f ∗(βn−1) is equal to U
′
n−1◦Λ. We then
deduce from the above discussion that U ′n = U
′
n−1 ◦ Λ +Wn−1. By induction and using
that U ′0 = 0, we obtain
U ′n :=W0 ◦ Λ
n−1 +W1 ◦ Λ
n−2 + · · ·+Wn−1.
Since Wc depends linearly on c, there is a constant A > 0 such that for all c ∈ H
+
and R ∈ D0k−p+1(X), we have |Wc(R)| ≤ A‖c‖‖R‖∗. Recall that ‖cn‖ = O(δ
n) and
‖Λn‖ = O(δn) for some constant 0 < δ < 1. We then deduce that
|Wm(Λ
n−m−1(R))| ≤ A‖cm‖‖Λ
n−m−1(R)‖∗ ≤ A
′δn‖R‖∗
for some constant A′ > 0. It is now clear that U ′n(R) converges to 0 as n goes to infinity.
This ends the proof of the lemma. 
End of the proof of Proposition 5.5. Observe that d−n(fn)∗(ωp) is a positive closed
current with bounded mass. So any limit of d−n(fn)∗(ωp), when n goes to infinity, is
a positive closed current. Fix any sequence nj going to infinity such that d
−nj(fnj)∗(ωp)
converges to some positive closed current T+. Clearly, T+ is cohomologous to α0. Denote
by U the canonical super-potential of T+ − α0.
We have d−n(fn)∗(ωp) = αn + Ωn. So d
−n(fn)∗(ωp) is cohomologous to α0 + βn. Let Un
denote the canonical super-potential of d−n(fn)∗(ωp)− (α0+ βn). We have Un = Vn+U
′
n.
Hence, by Lemmas 5.6 and 5.7, Un converges to V∞ which is continuous on D
0
k−p+1(X).
So, it remains to check that the canonical super-potential U of T+−α0 is equal to V∞ on
D˜0k−p+1(X). Indeed, this property implies that T
+ does not depend on the choice of the
sequence nj as V∞ satisfies the same property, or equivalently, d
−n(fn)∗(ωp) converges to
T+, which is a current of continuous super-potentials.
Fix a smooth form R in D˜0k−p+1(X) and let UR be a smooth potential of R. Denote by
UR the canonical super-potential of R which is a continuous super-potential because R is
smooth. We have
Un(R) =
〈
d−n(fn)∗(ωp)− (α0 + βn), UR
〉
= UR
(
d−n(fn)∗(ωp)− (α0 + βn)
)
.
Then, using the continuity of UR, we obtain
U(R) = UR(T
+ − α0) = lim
j→∞
UR
(
d−nj(fnj)∗(ωp)− (α0 + βnj)
)
= lim
j→∞
Unj (R) = V∞(R).
This ends the proof of the proposition. 
We will need the following lemma.
Lemma 5.8. Let φ be a smooth (r, s)-form on X with (r, s) 6= (p, p). Then d−n(fn)∗(φ)
converges weakly to 0 as n tends to infinity. Let ψ be a smooth (r, s)-form on X with
(r, s) 6= (k − p, k − p). Then d−n(fn)∗(ψ) converges weakly to 0 as n tends to infinity.
Proof. We will prove the first assertion. The second one can be obtained in the same way
using f−1 instead of f . Let φ′ be a smooth (k − r, k − s)-form. We need to show that〈
d−n(fn)∗(φ), φ′
〉
tends to 0 as n tends to infinity. We distinguish two cases.
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Case 1. Assume that r = s 6= p. We can for simplicity assume that φ and φ′ are positive
forms because they can be written as linear combinations of such forms. Multiplying
them by a constant allows us to assume that φ ≤ ωr and φ′ ≤ ωk−r. We have〈
d−n(fn)∗(φ), φ′
〉
≤
〈
d−n(fn)∗(ωr), ωk−r
〉
≤ d−n‖(fn)∗(ωr)‖.
Recall that the mass of a positive closed current depends only on its cohomology class.
Moreover, since r 6= p, the spectral radius of f ∗ on Hr,r(X,R) is strictly smaller than d. It
follows that the sequence of operators d−n(fn)∗ on Hr,r(X,R) converges to 0 as n tends
to infinity. Thus, d−n(fn)∗(ωr) tends to 0. The result follows.
Case 2. Assume now that r 6= s. So we have (r, s) 6= (p, p). Assume for simplicity that
r > s. The opposite case can be treated in the same way. We can assume that φ = θ ∧ Ω
and φ′ = θ′ ∧Ω′, where θ, θ′ are smooth forms of bi-degrees (r− s, 0), (0, r− s), and Ω,Ω′
are smooth positive forms of bi-degrees (s, s), (k − r, k − r) respectively. Indeed, φ and
φ′ can be written as finite sums of forms of the considered types. Define Ω˜ := θ ∧ θ ∧ Ω
and Ω˜′ := θ′ ∧ θ
′
∧ Ω′. The form Ω˜ is of bi-degree (r, r) and the form Ω˜′ is of bi-degree
(k − s, k − s). Using Cauchy-Schwarz’s inequality, we get∣∣〈d−n(fn)∗(φ), φ′〉∣∣2 = ∣∣〈d−n[Γn], π∗2(θ ∧ Ω) ∧ π∗1(θ′ ∧ Ω′)〉∣∣2
≤
∣∣〈d−n[Γn], π∗2(Ω˜) ∧ π∗1(Ω′)〉∣∣∣∣〈d−n[Γn], π∗2(Ω) ∧ π∗1(Ω˜′)〉∣∣
≤
∣∣〈d−n(fn)∗(Ω˜),Ω′〉∣∣∣∣〈d−n(fn)∗(Ω), Ω˜′〉∣∣.
The last product can be bounded by a constant times∣∣〈d−n(fn)∗(ωr), ωk−r〉∣∣∣∣〈d−n(fn)∗(ωs), ωk−s〉∣∣ = ‖d−n(fn)∗(ωr)‖‖d−n(fn)∗(ωs)‖.
As in Case 1, we see that both factors in the last product are bounded. Moreover, since
(r, s) 6= (p, p), at least one of these factors converges to 0 as n goes to infinity. We deduce
that
〈
d−n(fn)∗(φ), φ′
〉
tends to 0. This ends the proof of the lemma. 
Proposition 5.9. Let φ be a smooth (p, p)-form on X and λφ := 〈T
−, φ〉. Then d−n(fn)∗(φ)
converges weakly to λφT
+ as n tends to infinity. Let ψ be a smooth (k− p, k− p)-form on X
and λψ := 〈T
+, ψ〉. Then d−n(fn)∗(ψ) converges weakly to λψT
− as n tends to infinity.
Proof. We only prove the first assertion. The second one can be obtained in the same way
using f−1 instead of f . It is enough to consider the case where φ is positive because φ can
be written as a linear combination of positive smooth forms. Multiplying φ by a constant
allows us to assume that φ ≤ ωp. It follows that d−n(fn)∗(φ) ≤ d−n(fn)∗(ωp). By Propo-
sition 5.5, d−n(fn)∗(ωp) converges to T+. Therefore, the positive currents d−n(fn)∗(φ)
have bounded masses and this family of currents is relatively compact, i.e., it admits
convergent subsequences.
Let F denote the family of the limits of all such convergent subsequences. This is
a compact family of positive (p, p)-currents which are bounded by T+. We also have
∂d−n(fn)∗(φ) = d−n(fn)∗(∂φ). Lemma 5.8 implies that the last expression converges
weakly to 0. So all currents in F are ∂-closed. Similarly, we obtain that they are ∂-
closed and hence closed. By Theorem 1.1 and Lemma 4.2, they have continuous super-
potentials and have no mass on proper analytic subsets of X. Observe that if S is the
limit of a sequence d−nj(fnj)∗(φ) and S ′ is a limit of d−nj+1(fnj−1)∗(φ), then S ′ is in F
SUPER-POTENTIALS, DENSITIES OF CURRENTS AND PERIODIC POINTS 26
and d−1f ∗(S ′) = S. Similarly, if S ′′ is a limit of d−nj−1(fnj+1)∗(φ), then S ′′ is in F and
d−1f ∗(S) = S ′′. We conclude that d−1f ∗ maps F to F and this is a surjective map.
Let G denote the projection of F in Hp,p(X,C). This is a compact set in Hp,p(X,C).
We deduce from the last discussion that d−1f ∗ acts on G and is a surjective map. We
deduce from Lemma 5.2 that G is a subset of the line L+. So using the above notation,
we can write {S} = λSc
+ for some real number λS. Using Lemma 5.4 and Proposition
5.5, we have
λS = λSc
+
` {ωk−p} = {S} ` {ωk−p} = lim
j→∞
〈
d−nj(fnj)∗(φ), ωk−p
〉
= lim
j→∞
〈
φ, d−nj(fnj)∗(ω
k−p)
〉
= 〈φ, T−〉 = λφ.
So all currents in F are in the same cohomology class λφc
+.
For S in F denote by VS the canonical super-potential of S − λφT
+. Recall that S ≤
T+ and that the super-potential VS is continuous. Moreover, by Remark 2.6, there is a
constant A > 0 independent of S such that |VS(R)| ≤ A‖R‖∗ for every R in D
0
k−p+1(X).
Recall that d−1f ∗ is surjective from F to F . So for each positive integer m, there is a
current Sm inF such that S = d
−m(fm)∗(Sm). We have S−λφT
+ = d−m(fm)∗(Sm−λφT
+)
and therefore VS(R) = VSm(d
−m(fm)∗(R)), according to Proposition 4.4. It follows that
|VS(R)| ≤ Ad
−m‖(fm)∗(R)‖∗. Recall that the mass of a positive closed current depends
only on its cohomology class and the spectral radius of f∗ onH
k−p+1,k−p+1(X,R) is strictly
smaller than d. We deduce that the RHS of the last inequality tends to 0 as m goes to
infinity. Thus, VS = 0 and hence S = λφT
+. This ends the proof of the proposition. 
Proposition 5.10. The sequence of positive closed (k, k)-currents d−n[Γn] converges weakly
to the current T+ ⊗ T− in X ×X, as n goes to infinity.
Proof. Consider a smooth (r, s)-form φ and a smooth (k − r, k − s)-form φ′ on X. By
Weierstrass approximation theorem, the vector space spanned by forms of type Φ :=
φ(y)∧φ′(x) is dense in the space of (k, k)-forms onX×X. Therefore, it is enough to check
that 〈d−n[Γn],Φ〉 converges to 〈T
+ ⊗ T−,Φ〉. Note that 〈d−n[Γn],Φ〉 = 〈d
−n(fn)∗(φ), φ′
〉
.
By this identity and Lemma 5.8, we obtain that 〈d−n[Γn],Φ〉 tends to 0 if (r, s) 6= (p, p).
Observe also that 〈T+ ⊗ T−,Φ〉 = 〈T−, φ〉〈T+, φ′〉 and the last product vanishes unless
(r, s) = (p, p). So the proposition is clear when (r, s) 6= (p, p).
Assume now that r = s = p. By Proposition 5.9, 〈d−n[Γn],Φ〉, which is equal to〈
d−n(fn)∗(φ), φ′
〉
, converges to 〈T−, φ〉〈T+, φ′〉. We have seen that the last product is
equal to 〈T+ ⊗ T−,Φ〉. The proposition follows. 
In order to prove Theorem 5.1, we need the following lemma which was obtained in
[11, Prop. 2.2].
Lemma 5.11. Let Vn be a sequence of effective k-chains in X × X for n ∈ N. Suppose
there is a sequence of positive numbers dn converging to infinity such that d
−1
n [Vn] converges
weakly to a positive closed (k, k)-current R on X × X. Assume also that the tangential h-
dimension of R with respect to ∆ is minimal, i.e. equal to 0. Define c := {R} ` {∆}. Then
the number δn of isolated points in the intersection of Vn with ∆, counted with multiplicity,
satisfies δn ≤ cdn + o(dn) as n tends to infinity.
End of the proof of Theorem 5.1. We apply Proposition 5.10 and the last lemma for
Γn, T
+ ⊗ T−, dn, Pn instead of Vn, R, dn, δn. Since T
+ has a continuous super-potential,
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the wedge-product T+ ∧ T− is well-defined. Therefore, by Theorem 1.2, the tangential
h-dimension of T+ ⊗ T− along ∆ is 0. We also have
{T+ ⊗ T−} ` {∆} = {T+} ` {T−} = c+ ` c−.
The last cup-product is 1 by Lemma 5.4. Applying Lemma 5.11 gives the result. 
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